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Abstract: We have calculated the reﬂection component of the X-ray spectra of active galactic nuclei
(AGN) and shown that they can be signiﬁcantly modiﬁed by the relativistic motion of the accretion ﬂow
and various gravitational eﬀects of the central black hole. The absorption edges in the reﬂection spectra
suﬀer severe energy shifts and smearing, The degree of distortion depends on the system parameters,
and the dependence is stronger for some parameters such as the inner radius of the accretion disk and
the disk viewing inclination angles. The relativistic eﬀects are signiﬁcant and are observable. Improper
treatment of the reﬂection component of the X-ray continuum in spectral ﬁttings will give rise to
spurious line-like features, which will mimic the ﬂuorescent emission lines and mask the relativistic
signatures of the lines.
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1 Introduction
The power-law component in the keV X-ray spectra of
active galactic nuclei (AGN) is believed to be produced
by inverse-Compton scattering of low-energy photons
from the accretion disk by energetic electrons in a hot
corona above the disk (Thorne & Price 1975; Sun-
yaev & Titarchuk 1980; Pozdnyakov, Sobel & Sunyaev
1983). The scattered emission is nearly isotropic, thus
a fraction of it emerges directly as the observed power-
law component, and the rest of it is incident onto the
accretion disk, where it is further reprocessed by the
cooler disk atmosphere. The back irradiation leads to
the formation of ﬂuorescent lines (most prominently,
the neutral Fe Kα line at 6.4 keV) and a Compton-
reﬂection continuum (for an overview, see Reynolds
& Nowak (2003)). These ﬂuorescent lines are intrinsic
narrow because of their small thermal widths, but they
can be broadened by scattering, relativistic motions of
accretion-disk ﬂows and strong gravity of the black
hole. They can also be modiﬁed by the line-of-sight
materials through absorption and scattering. The ﬂu-
orescent lines are powerful diagnostic of the inner AGN
environments, and they have been studied intensively
in the last few decades. (See e.g., Cunningham (1976);
Fabian et al. (1989); Stellar (1990); Laor (1991); Fan-
ton et al. (1997); Dabrowski et al. (1997); Pariev &
Bromley (1998); Reynolds et al. (1999); Fuerst & Wu
(2004); Fuerst (2005); Wu et al. (2006).) The Compton-
reﬂection continuum, like the lines, can be modiﬁed
by relativistic motion of the ﬂows, gravity of the black
hole, and line-of-sight absorption and scattering. It is
also a useful diagnostic of AGN accretion. In spite of
this, the relativistic reﬂection continuum component in
the AGN spectrum has not been subject to a similar
degree of attention as the ﬂuorescent lines.
Here we present a systematical analysis of the ef-
fects of gravity and relativistic motion on the Compton-
reﬂection spectra of AGN. We quantify the distortion
of the spectral features and investigate their depen-
dence on system parameters, such as the inner and
outer radii of the accretion disk, viewing inclination
angle, and spin of the black hole. We organize the
paper as follows. §2 describes the formulation and
the numerical algorithm that we use in the spectral
calculations. §3 presents reﬂection spectra in various
settings and illustrates how the spectral features vary
with system parameters. §4 discusses the astrophysical
implications and applications.
2 Spectral calculations
We consider azimuthal symmetric, geometrically thin
accretion disks in Keplerian rotation. The reﬂection
emission originate from the disk surface layer. It is
anisotropic and is subject to limb eﬀects. We ignore
any line-of-sight emission and extinction not directly
related to the accretion disk. The photons are gravi-
tationally lensed and their energies are relativistically
shifted. The photon trajectories (the light rays) are de-
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Figure 1: A surface plot showing the angle-
dependence of reﬂection rest-frame spectra, gen-
erated by pexrav in xspec. The photon pitching
angle θ is speciﬁed by the variable μ (≡ cos θ).
The metal abundance is set to be solar. All other
parameters are ﬁxed. The intensity is on a lin-
ear scale and in arbitrary units. The carbon (C),
Oxygen (O) and Iron (Fe) edges (at 0.29, 0.54 and
7.1 keV respectvely) are clearly visible.
termined by the geodesic equation for the space-time
speciﬁed by the black hole. The total spectrum of the
accretion disk is the direct sum of contributions of all
emitting disk surface elements. The spectral calcu-
lations consist of three parts: (1) generation of local
reﬂection rest-frame spectra at diﬀerent viewing an-
gles, (2) calculation of local energy shifts and pitching
angles of emerging photons that can reach the distant
observer for each surface element on the accretion disk,
and (3) convolution of the reﬂection rest-frame spec-
tra, and the energy shifts and pitching angles of the
photons for all disk surface elements.
2.1 Reﬂection rest-frame spectra
The main features in the reﬂection spectra are the con-
tinuum and edges. The most prominent edges are the
carbon (C) edge at 0.288 keV, oxygen (O) edge at 0.538
keV and iron (Fe) edge at 7.117 keV. The reﬂection
emission is anisotropic. The depths of edges and the
strength of the underlying continuum all vary with the
viewing inclination angle. We consider the prescrip-
tion given in Magdziarz & Zdziarski (1995) (hereafter
MZ95) to model the local reﬂection rest-frame spec-
tra. The MZ95 spectra are closed-form approxima-
tions to Monte Carlo calculations of the reﬂected pho-
tons’ Green’s functions. They are generated using the
pexrav routine in the xspec package (Schafer, Heberl
& Arnaud 1991). Figure 1 shows the reﬂection rest-
frame spectra for a full range of μ (≡ cos θ, where θ is
the pitching angle of the photons). The variations of
the edges are the continuum with μ are clearly visible.
Figure 2: The distribution of μ on an accretion
disk around a Schwarzschild black hole, viewed at
inclinations angles of 45◦ (top panel) and 85◦ (bot-
tom panel). The inner and the outer disk radii are
6 and 20 rg respectively, where rg = GM/c2 is the
gravitational radius, G is the gravitational con-
stant, c is the speed of light, and M is the black-
hole mass. The colour code bar indicates the value
of μ, with positive values for photons emitted from
the ‘top’ surface and negative valuses for photons
emitted from the ‘bottom’ surface.
2.2 Energy shift and lensing of the
disk emission
The energy shifts and the degree of boosting of the
emission depend on the ﬂow speeds of the material in
the emitting surface element relative to the observer
and on the gravitational potential diﬀerence between
the emitter and the observer. The energy-shift factor is
given by g = Eo/Ee, where Eo and Ee are the observed
and emitted energies of the photons respectively. The
photon ﬂux at a local rest-frame on a disk surface and
the photon ﬂux measured by the observer diﬀer by a
multiplication factor of g4, where the factor of g3 takes
account of intensity boost due to energy (frequency)
shift, and an additional factor of g takes account of
time dilation.
For each surface element photons of a speciﬁc pitch-
ing angle can reach the distant observer, and the rest
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Figure 3: Same as Fig. 2 for rotating black holes
with a = 0.998. The inner radius is set to be
1.23 rg; the other system parameters are the same
as in the case of the Schwarzschild black hole.
photons emitted from the element will not be seen
by the observer. Because of gravitational lensing, the
pitching angles of these photons are not same as the
viewing inclination angle of the accretion disk. They
are also aﬀected strongly by the local ﬂow velocities
and the rotation frame-dragging of the black hole. Com-
bining all these eﬀects make the pitching angle of the
visible photons vary very signiﬁcantly across the ac-
cretion disk.
We consider a backward ray-tracing algorithm and
use the formulation given in Fuerst & Wu (2004) for
the radiative transfer calculations. We ﬁrst determine
the energy shift factor g and and the cosine of the
patch angle μ of the photons from for each surface
element in the accretion disk and then generate disk
images (projected in the sky-plane). The outputs of
calculations for each set of accretion-disk and black-
hole parameters are stored and will be used as inputs
in the convolution calculations.
Figures 2 and 3 show distributions of the photon
pitching angles in accretion disks around a Schwarzschild
black hole and a Kerr black hole with spin param-
eter a = 0.998 respectively. For the disk around a
Schwarzschild black hole viewed at 45◦, most photons
from the ﬁrst-order disk image that reach the observer
have pitching angles very diﬀerent from 45◦. Moreover,
a very substantial fraction of these photons leave the
disk at very small pitching angles. Even at very high
viewing angles (e.g. 85◦), the fraction of small pitching-
angle photons non-negligible. The variation in the
pitching angles of photons across the accretion disk is
more obvious for Kerr black holes. Photons from accre-
tion disks around Kerr black holes are strongly lensed,
and as in the case of the Schwarzschild black hole, the
pitching angles of the photons that reach the observer
are very diﬀerent to the disk viewing inclination an-
gle. Rotational frame-dragging eﬀects are important.
As shown in Figure 3 rotational frame dragging eﬀects
are very noticeable in the inner disk regions at a mod-
erate disk viewing inclination angle (45◦) as well as at
a very high disk viewing inclination angle (85◦).
We note rotational frame dragging has stronger
eﬀects on the pitching angles than the energy shifts
of the photons. The reﬂection continuum, which is
anisotropic, is thus more sensitive to the black hole’s
rotation than the lines, which depend on the black-hole
spin parameter via a constraint on the inner radius of
the accretion disk.
2.3 Spectral convolution
The spectral convolution calculations requires local re-
ﬂection spectra with a range of photon pitching angles
as imput, but xspec only generates spectra at ﬁxed
viewing angles. We therefore produce grids of spectra
for a range of μ and interpolate between the grids for
any arbitrary value of μ. We consider the Neville’s
algorithm (Press et al. 1992) for n−th order polyno-
mial interpolation. The key features in the reﬂection
spectra are the edges, otherwise the spectra consist of
piecewise smooth curves (see Fig. 1). As a compromise
between the two extremes, we use 5-th order polyno-
mials in the spectral interpolations.
The emissions from each disk element are associ-
ated with a value of g and μ. We shift the energy of the
spectrum of each disk element according to the corre-
sponding g value and rescale the intensity by the factor
g4. We then re-bin the spectra, as the energy grid-
points of the shifted spectra are generally not aligned
with each other.
Finally, we specify the weights (relative contribu-
tion) of the reﬂection emission from the disk elements.
We consider a parametric model for the disk emissivity
which takes a power-law form: I(Ee, re) ∝ r−γe , where
I(Ee) is the emitted intensity at energy Ee, re is the
radial distance of the emitting disk element from the
central black hole, and γ is the power-law index. Sum-
ming all these weighted ‘corrected’ reﬂection spectra
from the disk surface elements give the total spectrum
of the accretion disk.
2.4 Basic parameters and other com-
putational settings
We deﬁne a set of basic parameters (Table 1). Unless
otherwise stated, we use this set of parameters in our
calculations. The resolution of the disk images is cho-
sen to be 250 × 250 pixels, suﬃcient to suppress the
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Table 1: Basic set of system parameters used in
the calculations
black-hole spin parameter, a 0.0
Inner disk radius, rin 6 rg
Outer disk radius, rout 20 rg
disk inclination angle, i 45◦
Emissivity power-law index, γ 3
Incident photon index, Γ 1.7
Spectral cutoﬀ energy, Ec 150 keV
Metal abundance (relative to solar) 1.0
Iron abundance (relative to solar) 1.0
Spectral normalisation 1.0
numerical noise in the computation. The direct disk
image and 2 next higher-order lensed images were in-
cluded. For the grids of reﬂection rest-frame spectra
generated by xspec, we set the grid step Δμ = 0.05,
in the range 0.05 < μ < 0.95. The energy range of the
spectra is from 0.1 keV to 200 keV.
3 Results
The main features in a reﬂection rest-frame spectrum
are the sharp C, O and Fe absorption edges. These
edges are shifted and smeared in the reﬂection spectra
due to gravitational lensing and various relativistic ef-
fects (cf. the spectra in the top panel of Fig. 4, see
also the quotient spectrum of the relativistic case in
the bottom panel). Note that the entire spectrum is
red-shifted, and the eﬀect is more visible at the high-
energy (>10 keV) part of the spectrum. The energy
shift is less apparent at the low- and medium-energies
due to the profusion of spectral features.
In the following subsections, we will elaborate and
assess how the relativistic reﬂection spectra are depen-
dent on the system parameters. We consider a basic
reference case with the parameters listed in Table 1,
and unless otherwise stated we vary only one param-
eter at a time. We examined the eﬀects of the disk
inner radius rin, disk outer radius rout, disk emissivity
proﬁle power-law index γ, black-hole spin parameter a
and disk viewing inclination angle i.
3.1 Inner disk radius
We begin by investigating the eﬀects of the inner edge
rin of the accretion disk. We considered disks around
non-rotating black holes (with a = 0). The outer disk
radius is ﬁxed, with rout = 100 rg but the inner radius
is the parameter to vary. (rg = GM/c
2 is the gravita-
tional radius, where M is the black-hole mass and c is
the speed of light.) Figure 5 shows spectra for three
values of the inner radius, rin = 6, 10 and 25 rg, (top
panel) and the corresponding quotient spectra (bottom
panel). As shown, the brightness of the disk reﬂection
is dependent on the inner disk radius rin: the total in-
tensity is larger for smaller rin. This can be explained
by the fact that, when rout is ﬁxed, the total disk sur-
face area is determined by rin. The diﬀerences between
Figure 4: (Top) A reﬂection spectrum of a rel-
ativistic accretion disk around a Schwarzschild
black hole (dotted line) in comparison to a reﬂec-
tion rest-frame MZ95 spectrum at a viewing angle
of θ = 45◦. The intensities of the spectra I(E) are
in arbitrary units. (Bottom) The quotient spectra
obtained by dividing the spectra by the reﬂection
rest-frame spectrum. The normalisation is such
that the normalised intensity R = 1 at the energy
E = 1 keV in both cases.
the three spectra are manifested in the quotient spec-
tra. The spiky features in the quotient spectra are due
to the diﬀerence in the smearing and relative energy
shifts of the edges, The diﬀerence between the spectra
for rin = 6 and 10 rg is smaller than the diﬀerence
between the spectra for rin = 6 and 25 rg, indicative
of importance of the relativistic eﬀects in the inner re-
gion of the accretion disk. At energies above 10 keV,
the quotient spectra show a broad ‘dip’ shape feature,
which is a result of competition between energy-shift
and smearing as well as lensing of the emission at the
high-energy tails of the reﬂection rest-frame spectra
from the disk surface elements.
3.2 Outer disk radius
For large values of the power-law index γ of the radial
emissivity proﬁle, the contribution to the spectrum
is dominated by the inner disk region. We therefore
choose a disk emissivity power-law law with γ = 1 (in-
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Table 2: Radius of the last stable particle orbit,






stead of 3 as in other cases) so to increase the relative
contributions from the disk elements in the outer disk
regions.
Figure 6 shows three reﬂection spectra and quo-
tient spectra with rout = 20, 50 and 100 rg. There is
less overall emission from the disk with rout = 20 rg,
again for the reason that it has a smaller disk surface
area. There are diﬀerences in the three spectra, mostly
around the regions of the C, O and Fe features at ≈
0.3, 0.6 and 7 keV. The spike and trough features are
similar in the quotient spectra, which contrasts with
the case of the variable rin (cf. Fig. 6 and Fig, 5). The
broad dip feature at energies above 10 keV is clearly
visible in the quotient spectra. Here, it shows that ad-
justing rout changes the relative contribution from the
outer disk regions. In a large disk with a ﬂat emissiv-
ity proﬁle (small γ), the emission from the outer disk
regions tend to overwhelm the strongly relativistically
modiﬁed emissions from the inner disk regions.
3.3 Disk emissivity power-law index
The relative contributions of the inner and outer disk
regions to the spectrum of an accretion disk are deter-
mined by the emissivity power-law index γ. Figure 7
shows the spectra and quotient spectra for γ = 1, 2
and 3. The total intensity of the reﬂection spectrum
decreases as γ increases, while the diﬀerences between
the overall shapes of the spectra are in the edges. The
O and Fe edges become slightly less prominent when
γ decreases, due to the fact that a small γ allows more
reﬂection to come from the outer regions of the disk,
which are less aﬀected by the relativistic smearing and
energy shifting. Note that the broad dip feature is
present in the quotient spectra.
3.4 Spin of the black hole
Here, we set the inner rim of an accretion disk equal
to the radius of last stable particle orbit, rms. This is
essentially to assume of a zero-torque boundary condi-
tion at the inner disk rim (Page & Thorne 1974; Eard-
ley & Lightman 1975). As the last stable particle orbit
rms is determined by the black-hole spin parameter a
only, once we have speciﬁed a, rms is also determined.
Table 2 shows the value of rms for three cases consid-
ered in our calculations (with a = 0, 0.5 and 0.998,
corresponding to a Schwarzschild black hole, a mod-
estly rotating Kerr black hole and a nearly extremal
Kerr black hole).
Figure 5: Spectra showing the eﬀects due to
changes in the inner radius of the accretion disk,
rin. The top panel shows the reﬂection spectra of
relativistic accretion disks with rin = 6, 10 and
25 rg (denoted by solid, dotted and dot-dashed
lines respectively). The intensity I(E) is in ar-
bitrary units. The bottom panel shows the cor-
responding quotient spectra. The reﬂection spec-
trum of the case with rin = 6 rg is used as the
reference spectrum to derive the quotient spectra.
The normalisation is the same as in Fig. 4.
The spin of the black hole is an important param-
eter in determining the accretion disk reﬂection spec-
trum. An increase in the black-hole spin parameter a
increases the total surface area of the accretion disk,
if the outer disk radius is ﬁxed. An immediate conse-
quence is that this will increase the total intensity of
the disk emissions. Another consequence is that this
will increase the relative weight of the gravitationally
shifted and lensed emissions from the innermost disk
regions closed to the black-hole event horizon, in com-
parison to the emissions from the outer disk regions.
In addition, the spin of the black hole determines the
degree of rotational frame dragging, which, as shown
in §2.2, can alters the distribution of pitching angles
of the photons seen by the observer in the accretion
disk. In Figure 8 we show the reﬂection spectra for
the black-hole spin parameters a = 0.0, 0.5 and 0.998.
The C, O and Fe edges are shifted to lower energies
as a increases. The spiky features that had been seen
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Figure 6: Same as Fig. 5 but for diﬀerent disk
outer radius rout. The reﬂection spectra and quo-
tient spectra for rout = 20, 50 and 100 rg. are
denoted by solid, dotted and dot-dashed lines re-
spectively. The emissivity proﬁle is a power law
with γ = 1. The case with rout = 20 rg is used
as the reference spectrum to derive the quotient
spectra.
in the quotient spectra previously now become wedge-
like, with an extensive low-energy (red) wing and a
sharp higher-energy (blue) edge. The O and C wedges
overlap substantially in the spectrum of a = 0.998.
The dip feature at above 10 keV now disappears from
the quotient spectrum.
3.5 Disk viewing inclination angle
Figure 9 shows the spectra for disks with i = 1◦, 45◦
and 85◦. The intensity levels of the spectra of the disk
with i = 1◦ and 45◦ are similar. This is as expected
for the following reasons. At low inclination angles i
the dominant eﬀect is the time dilation (manifested as
gravitational red-shift and transverse Doppler shift).
Lensing is less important, as it does not increase the
projected area of the disk substantially when i is small.
The intensity is therefore still roughly proportional to
cos i, and the cosines of 1◦ and 45◦ diﬀer by a factor
less than unity. This proportionality no longer holds
for larger inclination angles, because when i is suﬃ-
Figure 7: Same as Fig. 5 but for diﬀerent disk
emission power- law index γ. The curves in the top
panel are the spectra for γ = 3, 2, and 1 (denoted
by solid, dotted and dot-dashed lines respectively);
the curves in the bottom panel are the correspond-
ing quotient spectra, with respect to the case with
γ = 3.
cient large, gravitational lensing eﬀect will be impor-
tant. Nevertheless, even when the enhancement due to
gravitational lensing and the additional contribution
by the higher-order images are taken into account, the
total intensities for the edge-on disks are smaller than
the face-on disks provided that the index of the emis-
sivity power law γ ≥ 2 (cf. the spectra of the case with
i = 85◦ and the other two in Fig. 9).
Figure 9 also demonstrates that relativistic eﬀects
are more important as i increases. The increases in
the smearing of the edges can be seen when comparing
the spectra for i = 1◦, 45◦ and 85◦. Moreover, the
spectra are shifted blue-ward when i increases, and
the eﬀects are more obvious in the quotient spectra.
The increases in the blue shifts are due to the increase
in the relativistic beaming/boosting and the decrease
in the role of time dilation, as i increases. Note that
the dip feature at energies above 10 keV that is seen
in the quotient spectra in Figures 5, 6 and 7 is absent
here.
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Figure 8: Same as Fig. 5 but for diﬀerent values
of black-hole spin parameter a. Spectra for a =
0, 0.5, and 0.998 (denoted by solid, dotted and
dot-dashed lines respectively) are shown in the top
panel and the corresponding quotient spectra, rel-
ative to the case a = 0, are shown in the bottom
panel.
4 Discussion and Conclusion
4.1 General aspects
Emissions from accretion disks around black holes can
be substantially modiﬁed by various relativistic eﬀects.
The energies of the emissions are shifted and the in-
tensities are boosted because of the high speeds of the
accretion ﬂows and because of time dilation resulting
from the transverse motion of the emitters and the
climbing of the deep gravitational well by the photons.
The emissions can also be modiﬁed by gravitational
lensing and rotational frame dragging. These two ef-
fects are particularly important if the emissions from
the disk are anisotropic and have strong spatial de-
pendence. Some of the relativistic eﬀects have already
been demonstrated in previous works on (isotropic)
line proﬁle calculations (e.g. Fabian et al. (1989); Fuerst
& Wu (2004)). Here, we show the relativistic eﬀects
in the spectra of reﬂection emission of accretion disks,
which is anisotropic and is subject to limb eﬀects.
As the reﬂection continuum is angle dependent, it
is more aﬀected by gravitational lensing and the ro-
tational frame-dragging than the isotropic line emis-
Figure 9: Same as Fig. 5 but for diﬀerent disk in-
clination angles i. Spectra for i = 1◦, 45◦ and 85◦
(denoted by dotted, solid and dot-dashed lines re-
spectively) are shown in the top panel, and the cor-
responding quotient spectra, relative to the case
i = 45◦ are in the bottom panel.
sion. In the absence of lensing, the observable emis-
sions from a ﬂat, thin disk are expected to have the
same pitching angles as the disk viewing inclination
angle i, implying that the direction of the ‘observed’
emissions from a disk with an almost edge-on viewing
geometry should be almost aligned with the tangent
of the disk surface emitting elements. We have shown
that because of lensing, a substantial proportion of the
observable emissions emerge at directions aligned close
to the normals of the emitting disk surface elements
even when the disk is viewed at an inclination angle
i = 85◦. Therefore, one cannot simply apply the en-
ergy shifts for the disk surface emitting elements and
convolve with the corresponding local reﬂection rest-
frame spectra. The angle-dependence must be consid-
ered explicitly, as in this work, when constructing the
relativistic reﬂection model spectra.
We have assessed how the distortions of the reﬂec-
tion spectra depend on the system parameters. Careful
examinations of the spectra and the quotient spectra
reveal that certain eﬀects are associated with some sys-
tem parameters more than the others. The similarities
between features in the quotient spectra in Figures 5,
6 and 7 are not all surprising, as the inner disk radius
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Figure 10: A comparison of relativistic reﬂection
spectra (top panel) obtained by our convolution
calculation (solid line) and by the DYK04 calcu-
lation (dotted line). A comparison of the ratio of
the two spectra in the top panel (solid line) and
the ratio of the pexrav spectrum and the hrefl
spectrum (dotted line) (bottom panel). The view-
ing inclinations in both case are 45◦ and the spin-
paramter of the black hole is 0. The other param-
eters are default as in Table 1. The normalisations
are such that I(E) = 1 and R = 1 at E = 1 keV.
rin, outer disk radius rout and the emissivity power-law
index γ have similar roles. They determine the relative
contributions of emission by the disk surface elements.
Adjusting them changes the weights of emission from
the inner disk regions relative to the outer disk regions.
In contrast, the smearing and energy shifts in the spec-
tra in Figure 8 are diﬀerent from those in the spectra
in Figures 5, 6 and 7. The diﬀerence is more obvious in
the corresponding quotient spectra. Here in this work,
we have set the inner disk radius to be the last stable
particle orbit which depends on the spin of the black
hole only. The spin parameter a therefore uniquely
determines how close the inner disk boundary can ex-
tend towards the black-hole event horizon. In the disk
regions close to the black-hole event horizon, time dila-
tion is the dominant eﬀect and it always red-shifts the
energies of the emissions. The wedge-like features in
the quotient spectra in Figure 8 manifest the presence
of large diﬀerential time dilation. The disk viewing in-
Figure 11: Same as Fig. 4, but a Fe Kα line at
6.4 keV is added to the relativistically modiﬁed re-
ﬂection spectrum and the corresponding quotient
spectrum.
clination angle i is, however, more eﬀective in causing
energy shifting than smearing (cf. the quotient spectra
in Fig. 9 and 8). This is due to the fact that the pro-
jected line-of-sight velocity is determined by i (except
at very small radii, r  6 rg), and hence the main
eﬀect is relativistic Doppler shift. At large inclination
angles, the ‘blue’ emissions are strongly boosted. We
can may see blue-shifted features near the edges in the
quotient spectrum of the case i = 85◦ (Fig. 9). This is
in contrast with that in the case of the black-hole spin,
where the features are always red-shifted. Moreover,
the smearing is smaller, because diﬀerential time dila-
tion (due to gravitational red-shift) across the strongly
emitting regions is relatively small, under the prescrip-
tion that we have assumed for the inner disk boundary
condition.
4.2 Comparison with other calcula-
tions
Calculations of relativistic reﬂection spectra have been
carried out by various groups. Two representative cal-
culations are Martoochia, Karas & Matt (2000) and
Dovciak, Karas & Yaqoob (2004) (hereafter DKY04).
The numerical algorithm used in the convolution cal-
culations of this study is similar to that in DKY04.
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Our results and the result of DKY04 are in qualita-
tive agreement. However, a more careful examination
reveals some subtle diﬀerences between the two calcu-
lations. These diﬀerences are suﬃcient to give rise to
complications in spectral analysis and may cause fur-
ther dispute in the interpretations of relativistic fea-
tures in the X-ray spectra of AGN.
We have used the pexrav model to generate the
input rest-frame reﬂection spectra, while DYK04 used
the hrefl model. In the 1− 10 keV range, the hrefl
model, which is a reasonable approximation, is a sen-
sible choice (given that it takes much longer compu-
tation time to use the pexrav model to generate ﬁne
spectral grids). Outside the 1 − 10 keV range, the
two models diﬀer very substantially. It is more de-
sirable to consider the pexrav model for the input
rest-frame spectral model. We show in Figure 10 (top
panel) a relativistic reﬂection spectrum of an accre-
tion disk around a Schwarzschild black hole viewed at
an inclination of 45◦ and a relativistic reﬂection spec-
trum of the DYK04 model for the same parameters.
The smeared and shifted metal edges in the relativistic
spectrum below 0.5 keV are practically absent in the
DKY04 spectrum. This is expected, as these edges
are not obvious the hrefl model in the rest frame,
in contrast to the pexrav model, where the edge fea-
tures at these energies are prominent. While these
relativistic edges may be ignored if we consider only a
narrow spectral regions near the Fe Kα lines, a proper
treatment of the edges below 0.5 keV is essential in
the analysis of soft X-ray relativistic features, such as
those seen in the XMM-Newton RGS spectra (see e.g.
Branduardi-Raymont et al. (2001)).
The diﬀerent input reﬂection rest-frame spectra
explains part of but not all the diﬀerences between
the relativistic reﬂection spectra obtained this study
and in DKY04. The relativistic kernel function in the
convolution calculation also plays an important role.
The kernel function used in DYK04 has taken into ac-
count two main relativistic eﬀects: the relativistic en-
ergy shifts and lensing (a default for most relativistic
calculations). Calculations in this work also consider
these two eﬀects. In addition, we use a full radiative
transfer formulation which takes account of anisotropy
and limb brightening/darkening of the emission. The
anisotropic and limb eﬀects are particularly important
for emission from the inner disk regions close to the
central black hole, when gravitational lensing and rela-
tivistic aberration are most severe. To illustrate these
eﬀects, we compare two quotient spectra: the ratio
of the pexrav model spectrum and the hrefl model
spectrum and the ratio of the corresponding relativis-
tic reﬂection spectra. In the comparison we choose
a moderate viewing inclination angle of 45◦, so that
the eﬀects are not excessively exaggerated as in the
cases where the disk is viewed near edge-on. If the
anisotropic and limb eﬀects are unimportant, the two
spectral ratios should be similar at all energies. If they
are not, the diskrepancies in the two spectral ratios
would be obvious. We show in the bottom panel of
Figure 10 the ratio of the two relativistic reﬂection
spectra presented in the top panel and the ratio of the
pexrav model spectrum and the hrefl model spec-
trum viewed at 45◦. The two ratios are far from be-
ing identical. The diﬀerence between the two ratios is
quite signiﬁcant (> 50%) at energies above 10 keV. In
the analysis of observed AGN spectra, such diﬀerences
could cause large uncertainties in determining the un-
derlying continuum, which needs to be subtracted in
the ﬁtting of the relativistic Fe Kα line. The diﬀerence
between the two ratios is less obvious at lower energies
but still visible. In particular, the location of the edges
are diﬀerent, causing by weighting diﬀerences when
anisotropy and limb eﬀects are present. This compari-
son also demonstrates that anisotropy and limb eﬀects
may distort the relativistic energy shifts of the edges,
mimicking and partially masking the gravitational ef-
fects.
4.3 The presence of ﬂuorescent emis-
sion lines
So far we have considered only the reﬂection spec-
tra modiﬁed by relativistic eﬀects and compared them
with the reﬂection rest-frame spectra. In more realistic
situations, the reﬂection continuum is often accompa-
nied by lines. The lines, which also originate from the
inner accretion disk region, are subject to relativistic
eﬀects. Figure 11 shows a spectrum consisting of a Fe
Kα line and a reﬂection continuum component and its
corresponding quotient spectrum. (The line is not in-
cluded in the rest-frame model spectrum to illustrate
the combined eﬀects of shift/smearing of the edges and
the presence of a relativistic line.) The inclusion of the
line causes complication. This simple example demon-
strates that the relativistic shifted red wing of the Fe
line can ‘ﬁll up’ its corresponding reﬂection edge. It is
therefore a non-trivial task to separate the lines from
the reﬂection continuum in an observed X-ray spec-
trum of AGN (especially in noisy low-resolution data)
when both the components are severely shifted and
smeared by various relativistic eﬀects.
4.4 Summary
We have convolved angle-dependent rest-frame reﬂec-
tion spectra of accretion disks with relativistic ray-
tracing radiative transfer calculations to generate rel-
ativistically modiﬁed reﬂection model spectra of accre-
tion disks in AGN. We have shown that the resultant
spectra are signiﬁcantly modiﬁed, with edge smearing
and energy shifting. The degrees of edge smearing and
energy shifting depend on the accretion disk parame-
ters as well as the black-hole spin. The smearing of
the edges has strong dependence on the accretion disk
outer and inner radii, the black-hole spin, and the disk
emissivity proﬁle. Energy shifting is, however, more
aﬀected by the accretion disk viewing inclination an-
gle. Anisotropy and limb eﬀects can sometimes mim-
ick and partially mask the gravitational eﬀects. These
factors complicate the interpretation of X-ray spectral
observations of AGN, as it is not straightforward to
disentangle the eﬀects on the lines, the edges and the
underlying multi-component continuum of a severely
relativistically modiﬁed AGN spectra.
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